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ABSTRACT: The classical limit self-consistent field theory of laterally homogeneous polymer brushes is 
generalized to laterally inhomogeneous melt systems, without imposing the Alexander-de Gennes 
approximation. This enables the appropriate description of the chain end distribution and confirmations, 
based on which the free energy expansion is obtained. The brushes are found to be always stable against 
height fluctuations. For grafted polymers, the equilibrium height profile and the height fluctuation 
spectrum strongly depend on the lateral wave vector q and the average surface coverage B. The structure 
factor (especially a t  large q )  is qualitatively different from existing predictions by Fredrickson et al .  and 
by Solis and Pickett based on the Alexander-de Gennes approximation, the latter of which even leads to 
lateral instability a t  small surface tension andor  large surface coverage, which is clearly an artifact of 
the approximation. For tethered polymers with lateral mobility, the height fluctuations exhibit a peak 
at q = 0 and a correlation length (N being the polymerization index), whereas the surface 
coverage fluctuations are dominant over length scales -P1 (1 being the statistical segment length). 
The fluctuations of the two quantities are correlated at  small q, but are decoupled at large q. 

I. Introduction 
Polymers with one end tethered to a surface form 

dense layers, or “brushes” (see Figure l), at sufficiently 
high surface coverage (number of chains per unit 
area).lS2 Such materials include ordered phases and 
micelles assembled by block copolymers and polymers 
adsorbed on surfaces and interfaces. The end confine- 
ment and mutual exclusion force the chains to strongly 
stretch perpendicular to the tethering surfaces. The 
structure and thermodynamics of polymer brushes are 
successfully described by self-consistent field3-6 and 
scaling t h e o r i e ~ . ~ ~ ~  

Most existing theoretical work is restricted to laterally 
homogeneous brushes. However, many factors, such as 
roughness and heterogeneity of the tethering surfaces, 
boundary effects, and nonuniform surface coverage, may 
give rise to lateral inhomogeneity. For instance, block 
copolymer surfaces often contain “islands” and  hole^".^ 
These issues are of both practical and scientific impor- 
tance. Recent studies by computer simulations,”JJ1 
theories,12-15 and experiments16 demonstrate cluster 
formation in grafted polymers in poor solvents. As for 
melt polymer brushes, attempts within the Alexander- 
de Gennes approximation (assuming all chain ends are 
on the free s u r f a ~ e ) ~ , ~  have revealed fascinating effects 
arising from height fluctuations and mechanical defor- 
mation,17Js surface roughness,18J9 insertion of guest 
objects,20 etc. Although the Alexander-de Gennes 
approximation leads to good estimates for the free 
energy and height of laterally homogeneous brushes, it 
gives rise to the unphysical lateral instability of 
b r u s h e ~ , l ~ J ~ , ~ ~  due to the unrealistic assumption for the 
chain end distribution. 

We generalize the classical limit self-consistent field 
for laterally homogeneous brushes4r6 to laterally inho- 
mogeneous melt systems. This corresponds to lifiing the 
Alexander-de Gennes approximation in refs 17 and 18, 
which is shown to be essential for obtaining the correct 
chain end distribution and the free energy expansion 
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Figure 1. Schematic plot of a melt polymer brush with 
inhomogeneity in they  direction. The height of the brush is 
denoted by h b ) .  

in terms of lateral inhogeneity. Studies within this 
approach will be presented in a series of publications. 
This first paper develops a perturbation analysis for 
brushes tethered on flat surfaces, based on which 
general predictions are make for the height profile, layer 
stability, and fluctuations. Section I1 provides a formal 
description of the generalized self-consistent field theory. 
Section I11 presents a perturbation analysis, which 
relates the laterally inhomogeneous surface coverage, 
height, chain end density, and the mean field potential 
and derives the free energy expansion. Grafted poly- 
mers are studied in section IV, where the equilibrium 
height profile and the structure factor for the height 
fluctuations are obtained. Tethered polymers with 
lateral mobility are investigated in section V, where the 
height and surface coverage fluctuations and their 
correlations are investigated. Further studies of the 
height (and surface coverage for chains with lateral 
mobility) profile(s), boundary effects, etc., and extension 
to rough tethering surfaces will appear in subsequent 
papers of the series.22 
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11. Formalism 
Consider a brush composed of monodisperse polymers 

(each with N monomers at x > 0) end-tethered on a flat 
surface at x = 0 (see Figure 1). The brush is character- 
ized by the surface coverage &) = (y,z)l, the height 
h@), the local monomer volume fraction and the 
end density q(r), which are related by 

Inhomogeneous Melt Polymer Brushes 6269 

(2.1) 
all giving the total number of chains, where v is the 
monomer volume. 

Suppose the zth monomer on the ith chain is located 
at ri(t). The partition function of the brush is 

(2.2) 

subject to the surface and end confinement constraints 
ri(z) L - and xi(N = 0. Here /3 = l/kBT, and the 
Edwards Hamiltonian is 

where 1 is the statistical segment length. The contour 
integrals account for the conformational entropy, and 
the potential V includes contributions from both mono- 
mer-monomer interactions and external forces. Within 
the mean field approximation, V only depends on the 
spatial location, i.e., V = V(r), which is the mean field 
potential at r imposed by all the other monomers and 
external influences. 

Minimizing the free energy /3F = -In Q yields the self- 
consistent field  equation^,^^^ which may be solved 
numerically. For analytic tractability, we will restrict 
our attention to the long chain and strong stretching 
(W21 h << Nl) regime (or the classical limit), where 
the average of the contour integrals in eq 2.3 is much 
greater than 1, such that the distribution of chain 
configurations is sharply peaked around the most prob- 
able conformation (the “classical t r a j e ~ t o r y ” ) , ~ ~ ~  i.e., one 
which minimizes H .  

The classical trajectory corresponds to the path of a 
classical particle with mass 3/12 in the potential -V(r), 
when t is interpreted as time.6 The equation of motion 
is 

3 d2r - VV(r) (2.4) 
l2  d? 

with the initial and terminal (or “equal time”) conditions 

(2.5) 

x(z=N) = 0 (2.6) 

respectively. Equation 2.5 emerges as the chain end 
and is stress free. Integrating eq 2.4 subject to the 
initial condition in eq 2.5 produces 

(2.7) 

X 

Y 
Figure 2. 2D plot of a set of classical paths which originate 
near ro with a cross section of 60 and pass by r with a cross 
section of 6. 
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Figure 3. Origins of the classical paths passing through r 
(the solid curves) forming the dashed curve S(r0). 

The monomer concentration qNr) and the surface 
coverage &) are closely related to the chain end density 
q(r) and the classical trajectories. For a set of paths 
which originate near ro and pass by r (the 2D version 
is plotted in Figure 2), the cross section of the trajec- 
tories is initially 60, but becomes 6 near r. Therefore, 
the concentration at r contributed by polymers with 
ends at ro is 

(2.8) 

where Idrldsl is given by the equation of motion in eq 
2.7. On the other hand, as shown in Figure 3, paths 
(the solid curves) originating from any point on the line 
s(r0) (the dashed curve extending from r to the free 
surface) go through r. Therefore, the total concentration 
at r is obtained by integrating eq 2.8 along s(r0) as 

(2.9) 

where ro = r(r = 0). where eq 2.7 has been inserted. 
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Likewise, the surface coverage is deduced by consid- 
ering r = (x=O, e).  The trajectories initiating within 
the cross section of 60 near ro terminate in an area of 
dy dz near (0, a). Therefore, 
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(2.10) 

We will only consider melt brushes for which the 
incompressibility constraint is adopted, i.e., 

(2.11) 1 i f 0  < x  < Me)  
0 otherwise @(r) = { 

In grafted polymers, a@) is fixed, whereupon eq 2.9 
provides a stringent constraint on the end density and 
the potential, whereas in tethered polymers with lateral 
mobility, de) is a thermodynamic variable that mini- 
mizes the free energy at equilibrium. 

The key to solving the problem is finding an appropri- 
ate potential V(r). An elegant example is the theory 
for laterally homogeneous b r u ~ h e s . ~ , ~  The following 
perturbation calculations for brushes with weak laterial 
inhomogeneity is also highly nontrival. 

111. Perturbation Analysis 
We first assume that there is no exclusion zone for 

chain ends; namely, V(ro) > 0 throughout the brush. 
This will be justified in section VI below. On the basis 
of this assumption, it may be shown that the potential 
has the form 

V(r) = B x 2  - A(@) (3.1) 

where 

B = -  3 2  
8@1 

(3.2) 

and A@) depends on the height profile h@) and the 
surface coverage a). Due to the separation of variables 
in V(r) of eq 3.1, the motion in the x direction is 
independent of that in they and z directions. Therefore, 
the terminal condition in eq 2.6 is satisfied for any end 
location. On the other hand, a t  weak lateral inhomo- 
geneity, eq 3.1 is proved in Appendix A to be also 
necessary to meet the terminal requirement. 

Equation 3.1 is the basis of the following perturbation 
analysis. For simplicity, the lateral inhomogeneity is 
first taken to exist only in the y direction, such that A 
= Ab).  Straightforward extension to the general case 
of inhomogeneity in both they and z directions is made 
at the end of this section. The equation of motion in eq 
2.4 is solved as 

(3.3) 

Equation 3.4 is obtained by assuming the variation of 
dA/dy along the path is small, i.e. (from eq 3.4), IdA/ 
dyb) - dA/dy(yo)/ = ld2A/dy2b - yo)/ 5 (WZ2/6)ld2A/ 
d~~lldAldyl << IdA/dyl, or 

We also assume that along the path, the lateral dis- ' 

placement ly(s = N) - yo1 - W121dA/dyI (according to 
eq 3.4) is much smaller than the vertical displacement 
xg. Except for xo very close to 0 (see section VI below 
for discussion), xo - h. Therefore, we obtain 

(3.6) 

Equations 3.5 and 3.6 are converted into constraints on 
the variation of surface coverage and height below, 
which provide the criteria for the validity of the follow- 
ing perturbation calculations. 

Under these assumptions, Idyl << Idxi, such that in 
eqs 2.9 and 2.10 and Figures 2 and 3, 6 x dy dz, 60 x 
dyo dz (as z = ZO), ds x dxo, V(r) - V(ro) x B(x2 - xo2), 
and the line 4 x 0 ,  yo) terminates on the free surface at 
(xo, yo) [hb),  yl. These approximations simplify eqs 
2.9 and 2.10 to 

where t = x/h(y), t o  = xdhb),  t to yo) = 1;/(xoyo), and @d 
@ is evaluated from eq 3.4. 

We may separate 7 into the leading contribution TO 
and a small correction 71, i.e., 

where eq 3.4 has been used. Substituting eq 3.9 into 
eq 3.7 and separating the leading terms from the 
smaller perturbations give rise to 

(3.11) i f 0  < t 1 
@(r) = { otherwise 

(3.5) 
where qNr) is given by eq 2.11. 
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1 Equation 3.11 is an Abel integral equation, which is 
easily solved as23 

VO(tY) = = V&t) (3.13) 

independent of y, or aVd?y = 0. In fact, this is simply 
the chain end density of a laterally uniform brush6 with 
height h(y). Hence, 30 represents the homogeneous part 

N v m  

of 7. 
Inserting eq 3.13 into eq 3.12 produces 

where 

arccos2(t/to) (3.15) 

with eq 3.3 substituted. Note that I(t=ly)  = 0. Equa- 
tion 3.14 is also an Abel integral equation, which is 
solved as23 

Inserting eqs 3.10,3.13, and 3.16 into eq 3.8 leads to 

where Ji dt vl(t,y) is evaluated in Appendix B. Equa- 
tion 3.17 is rewritten and linearized as 

(3.18) 
where ‘“‘denotes the spatial average of g and L = NvB, 
derived from eqs 2.1 and 2.11, has been used. Thus, 
the inhomogeneous part of the potential is induced by 
the deviation of h(y) from Nvo(y). Equation 3.18 may 
be understood from the fact that polymer end-tethered 
in the region of a brush with h(y) < Nva(r) are forced 
by the packing constraint to stretch laterally out of the 
region. This requires the A(y) to be convex, or d2Ndy2 
< 0. Whereas the opposite is required if h(y) > Nva(y). 

Substituting eq 3.18 into eqs 3.5 and 3.6 produces the 
criteria for the validity of our perturbation analysis, 

(3.19) Ih(y) - Nv&)~ << 2E/3 

Inserting eq 3.18 into eq 3.16 yields 

(3.21) 

The integral in eq 3.21 is evaluated numerically. The 
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Figure 4. (a) Response ratio NvR,(t) = Nvl;ll(ty)fi/[Nva(r) - 
hb)] and (b) R,(t)/q&) as functions o f t  = dhb) .  

response ratio NvR,(t) = N v v l ( t ~ ~ ) h / [ N ~ d y )  - h(y)l and 
R,(t)/qo(t) are plotted as functions oft = x/h(y) in Figure 
4. The former vanishes at t = 0 and 1 and has a peak 
of 0.81 at  t = 0.14 (much closer to the tethering surface 
than to the free surface), where the modification on the 
end density due to lateral inhomogeneity is the biggest. 
The latter, on the other hand, is a monotonically 
decreasing function o f t  and diverges in proportion to  
t-1/2 as_t - 0, When lv1(t,y)/VO(t)l L 1, or t I [Nvdy) - 
h(y)I2/h2, the perturbation calculation for 7 in eqs 3.9- 
3.16 breaks down, and the unphysical prediction of v < 
0 is obtained when N v e )  > h(y) also holds. It is shown 
in section VI below that these problems only affect a 
thin layer of the brush near the tethering surface. This 
merely gives rise to negligible higher order corrections 
to the free energy expansion. 

We proceed to calculate the free energy of grafted 
polymers, which includes the chain elastic energy fe l ,  
given by the contour integrals in eq 2.3, and the free 
surface tension y ,  which is typically (1- l O ) k ~ T / l ~ .  
Extension to tethered polymers with lateral mobility is 
given in section V below. According to the Virial 
theorem, 

due to the harmonic potential in x .  Using eq 3.4, we 
also obtain 
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The total free energy of the system is, therefore, 

PFgfaR = J Q L ~ ' ) ~  V ( X Y )  f e l ( X Y )  + 

where ~ ( x y )  x ~ ~ ( x y )  has been taken in the last step. 
Converting eq 3.25 into the Fourier space, retaining only 
quadratic terms, and generalizing to  systems with 
inhomogeneity in both the y and z directions yield 

where 

with S being the total surface area, and the Fourier 
transform of eq 3.18 has been substituted. 

IV. Grafted Polymers 

be rewritten as 
The free energy of grafted polymers in eq 3.26 may 

with 

(4.4) 

As shown in section V, h, is similar to the equilibrium 
height of polymer self-assemblies, such as block copoly- 
mer lamellae in the strong segregation limit. Minimiz- 
ing the free energy in eq 4.1 gives h,,(q) as the Fourier 
transform of the equilibrium height profile of a free 
brush. Therefore, Sgrafi(q) is the structure factor for the 
height fluctuations about the equilibrium profile. Since 
Sgrafi(q) > 0, the brush is always stable with respect to 
height fluctuations. 

The structure factor in eq 4.2 resembles that of block 
 copolymer^,^^^^^ an analogy also drawn in ref 13 between 
grafted polymers in solvents and block copolymers. This 
is due to the similarity between grafting and interblock 
connectivity. The q2 term is the excess surface energy 
induced by height fluctuations with a correlation length 
6, whereas the q-2 part arises fro-m the grafting con- 
straint characterized by a scale -h. 

From eq 4.2, the peak wavevector and intensity of 
S g r a d q )  are 

It follows from eq 4.6 that q* << N-u2Z-1, which justifies 
taking the classical limit. 

At relatively low surface coverage, or h I P3h,, the 
q dependent terms in eq 4.2 contribute significantly to 
the peak structure factor in eq 4.7. Hence, the peak 
width is roughly q* (ZN-~~Z-~) ,  and the dominant 
fluctuations are on the length scales comparable to-2nl 
4". Whereas at much higher surface coverage, or h >> 
2a3h,, the peak structure factor comes mainly from the 
q independent term in eq 4.2. Here, the peak spans over 
2&/(n&) I q I g-l, where the lower (upper) bound is 
much smaller (larger) than 4". Therefore, large fluctua- 
tions occur on a wide range of length scales. Figure 5 
plots (3n2hd4N2l2v)S,,fi as a function of qh, for h = h, 
and 10h,, respectively, corresponding to the two scaling 
regimes just discussed. The numerical results are 
consistent with the analytic predictions. 

When (n2/12)q2z2(1 + q2E2) << 1 or in the small q 
regime, eq 4.3 reduces to h,,(q) Nvdq), or the height 
profile closely follows that of the surface coverage. 
Chain packing constraint requires lateral chain stretch- 
ing to fill the space opened up or vacate the space closed 
out due to the difference between h,,(q) and Nvdq). 
This, however, is energetically costly at small q or large 
distances. On the other hand, for (n2/12)q2h2(1 + q2E2) 
>> 1 or large q, eq 4.3 implies he,($ << Nva(q); i.e., the 
free surface hardly feels the inhomogeneity of the 
surface coverage. This is due to the fact that large q or 
small length scale roughness on the free surface sharply 
enhances the_ surface tension and,_therefore, is unfavor- 
able. When h >> h, (also implying h >> E ) ,  thepeak width 
of the response is roughly-h-l. Whereas if h << h,, or h 
<< 5, the width is about (h,$)-u2 = N-3/4ii-114. 
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introduces as effectiv! repulsion among the strongly 
stretched polymers (h  W21), which stabilizes the 
system. It remains to be resolved which, if any, of the 
two calculations is correct, and what is the cause of the 
instability. However, both have linear q terms that are 
important when y is comparable to or smaller than y,. 
This, again, may be satisfied at high surface coverage. 
The discrepancies between the results in refs 16 and 
17 and ours clearly demonstrate the limitations of the 
Alexander-de Gennes approximation. 

0.00 " I 
0 1 2 3 4 

Figure 5. Reduced structure factor ( 3 ~ r ~ h J 4 h V v ) S ~ ~  for 
height fluctuations in grafted polymers as a function of qh,. 
The solid and dashed curves are for h = h, and 10h,, 
respectively. 

qh, 
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Figure 6. Response ratio h(q)lNvu(q) in grafted polymers as 
a functi_on of qh,. The solid, dashed, and dash-dotted curves 
are for h = O.lh,, h,, and 10h,, respectively. 

As shown in Figure 6 for & = O.lh,, h,, and lOh,, 
respectively, the response ratio h,,(q)/Nvdq) is a mono- 
tonically decreasing function of qh,, which drops from 
1 to 0. The response becomes weaker and its peak 
around q = 0 gets narrower with increasing average 
height (or surface coverage). Consistent with the dis- 
cussion in the last paragraph, this indicates that the 
nonideal effects caused by inhomogeneous surface cov- 
erage are mostly "healed" on the free surface when the 
average surface coverage is high enough. 

The special case of homogeneous surface coverage, i.e., 
dq t 0) = 0, is also studied in refs 16 and 17 within 
the Alexander-de Gennes approximation. Their struc- 
ture factor for the height fluctuations are both quanti- 
tatively and qualitatively different than that in eq 4.2. 
Indeed, all three approaches agree to within a constant 
prefactor at small q .  For large q ,  however, apart from 
the same surface tension contribution, Sk&(?) is inde- 
pendent of q in eq 3.26, but becomes positively and 
negatively proportional to q in refs 16 and 17, respec- 
tively. In fact, brushes are always stable according to 
ref 16, while ref 17 predits lateral instability in these 
systems if y yc = 0 . 1 6 8 k ~ T N v ~ $ / l ~ .  This condition 
may be realized at  sufficiently high surface coverage. 
The instability is clearly unphysical, as chain packing 

qhc 

V. Tethered Polymers with Lateral Mobility 

Tethered polymers with lateral mobility have trans- 
lational degrees of freedom parallel to the tethering 
surface plane. Therefore, the translational entropy cr- 
(p) In de) must be taken into account. In principle, we 
must also consider the effective interactions among head 
groups and the square gradient contributions = IVoI2 
arising from nonuniform uQ). However, these effects 
are negligible for the long chains considered in this 
paper. Thus, the system free energy functional is 

where contributions beyond quadratic order have been 
dropped, Fgrafi is given by eq 3.26, and /?@mobile and 
elements of the inverse partial mmructure factor matrix 
S-l(q) are given by 

(5.4) 

(5 .5 )  

(5 .6)  

with S&ifi(q) given by eq 4.2. 
An important class of brushes with lateral mobility 

are polymer self-assemblies (e.g., microdomains- of 
strongly segregated block copolymers), where t? or h is 
allowed to vary, but the total qumber of polymers, or 
the total volume of the brush Sh, is fixed. The equilib- 
rium height is obtained by minimizing the free energy 
in eq 5.2 at fixed Sh as h = nU3hc = 2.145hc, where h, 
is given by eq 4.4. 

A. Height and Surface Coverage Fluctuations. 
Inversion of the matrix S-l yields the partial structure 
factors as 
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Suu(q) = S&q)/det S-?q) (5.9) 

where eqs 4.2 and 5.3-5.5 may be used to yield 

det SP1(q)  = SYi(q) S&) - [Si;(q)l2 

-(- 9 3 2  + $)q-2 (5 .10 )  
NZ2 4NZ2 

(5.11) 

Since det S-l(q) > 0, the partial structure factors remain 
finite. Therefore, the system is always stable. 

The peak of Shh(Q) in eq 5.7 is found to be at q = 0, 
where the classical limit again applies. We restrict our 
attention to q << N-yzl- l ,  where inserting eqs 5.6 and 
5.11 into eq 5.7 produces 

with 

(5 .13 )  

Therefore, 6 is the height-height correlation length. 
Figure _7 plots Shh(q,h)lShh(q=O,h=h,) as a function of 
qh, for h = 0.5hC, h,, and 2.145hC (corresponding to self- 
assembled brushes), respectively. The peak becomes 
lower and broader with increasing average height (or 
surface coverage). 

On the other hand, it may be shown by substituting 
eqs 4.2,5.3,  and 5.10 into eq 5.9 that S,(q) approaches 
its maximum value of 0 as q - OQ and saturates at q - 
N-U21-1, implying that the u-u correlation length is 
about W2Z. Of course, this is beyond the classical limit, 
where nonclassical effects must be taken into account.26 
For q << N-1/21-1, 

Ny21-1 (5.14)  
where 

(5.15) 
From eq 5.14, a weak peak is obtained for S, at q = 0 
when h < (2&1n)6 or 5 < zU3h, = 1.59hC. Figure 8 
shows Suu(q,h)/Suu(q = 0, h = h,) as a function of gh,  in 
the small q region. A peak exists at q = 0 when h E h, 
but is absent in self-assembled brushes with h = 
2.145hC. 

1.5 

? 
II s 1.0 s 

'C 
U 
5 v1 0.5 

x 
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".V 

0.0 0.2 0.4 0.6 0.8 1 .o 
qhc 

Figure 7. Reduced structure factor S h h ( q , h ) / S h h ( q  = 0, i;. = 
h,) for height fluctuations in thethered polymers with lateral 
mobility. The solid, dashed, and dash-dotted curves are for h 
= 0.5hC, h,, and 2.145hC (corresponding to self-assembled 
brushes), respectively. 

2.0 

0.4 I 
0.0 0.5 1 .o 1.5 

Figure 8. Reduced structure factor S,(q,~)/S,,,(q = 0, 6 = 
h,) for surface coverage fluctuations in tethered polymer! with 
lateral mobility. The solid and dashed curves are for h = h, 
and 2.145hC (corresponding to self-assembled brushes), respec- 
tively. 

qh, 

The different behavior between height and surface 
coverage fluctuations stems from the free surface ten- 
sion. At small q, surface effect is negligible, therefore, 
the correlation between the h and a fluctuations is easily 
established, as further demonstrated in the next sub- 
section. For large q,  however, the h fluctuations are 
severely suppressed by the surface tension, and the free 
surface is nearly flat, whereas the u fluctuations are 
unaffected. In fact, they are the strongest at very large 
q, where chains are only slightly stretched. These 
results closely resemble the h-a  response of grafted 
polymers shown in section IV. 
B. Collective Normal Modes. Due to the presence 

of the cross partial structure factor Sh&), the fluctua- 
tions in h and u are correlated. The collective normal 
modes of these fluctuations may be understood by 
diagonalizing the free energy functional in eq 5.1 as 
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where the normal modes u1,2(q) and the corresponding 
structure factors SI,&) are 

1 -  S1,Jq) + 2[Sh;‘4’ + S,-,1(q)/(N2v2)1 rt 

f{ [S&q) + S,&>/(Ah2)l2 - 4 det S-1(q)/(N%2)}lJ2 

(5.17) 
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1.0 
:\ 

), ‘\ 
! ‘, 

0.8 

u l ( q )  = h(q)  cos 8 + N v d q )  sin 8 (5.19) 

u2(q)  = -h(q)  sin 8 + N v d q )  cos 8 (5.20) 

Substituting eqs 4.2, 5.3, 5.4, 5.6, and 5.11 into eqs 
5.17 and 5.18 yields 

e = arctan - q 2 E 2 ( 1  + q2p) - K 
When ( 7 ~ ~ / 2 4 ) q ~ & ~ ( l  + q2E2) << 1, eqs 5.19-5.22 reduce 

to 0 M -d4, u1,2(q) M [h(q) T Nvdq)l/&, and 

Hence, at small q or large distances, the first normal 
mode is suppressed, i.e., h(q)  x N v d q )  or the height 
and surface coverage fluctuations are in phase. Oth- 
erwise, the packing constraint would require extending 
chains laterally over large distances, which is energeti- 
cally costly. 

Alternatively, if (n2/24)q2h2(l+q2E2) 3 1, eqs 5.19- 
5.22 simplify to 8 x 0, ul(q) = h(q), and u2(q) Nva- 
(9). Therefore, the height and surface coverage fluc- 
tuations are decoupled at large q or small length scales. 
The height fluctuations are suppressed by the surface 
tension. 

Generally speaking, -tan 8 represents the degree of 
mixing of the height and surface coverage fluctuations 
in the normal modgs. This is plotted in Figure 9 as a 
function of qh, for h = O.lhc, 2.145hc (corresponding to 
self-assembled brushes), and 10h,, respectively. As qh, 
increases from 0 to QO, -tan 0 drops monotonically from 
1 (h and u fully correlated) to 0 (h and a completely 
decoupled), as discussed above. Meanwhile, -tan 8 and 
its peak width are decreasing functions of the average 
height (or surface coverage). This indicates that the 
coupling between the height and surface coverage 
fluctuations may be tailored by adjusting the average 
surface coverage. 

VI. Discussion and Conclusions 

encountered above, before concluding this paper. 
This section addresses several concerning issues 

0.6 

0.4 

0.2 

0.0 

Figure 9, Degree of mixing -tan 8 of height and surface 
coverage fluctuations in the no-a1 modes. The solid, dashed, 
and dash-dotted curves are for h = O.lh,, 2.145hC (correspond- 
ing to self-assembled brushes), and lOh,, respectively. 

The most important issue is whether the chain end 
exclusion zone exists. As we know, the exclusion zone 
is present near convex tethering s ~ r f a c e s , ~ ? ~ ~  as mono- 
mers are expelled away from the tethering surface, 
where there is more space to be filled. This situation 
may also arise in laterally inhomogeneous brushes, even 
when the tethering surfaces are flat. As shown in 
Figure 2, chain ends in the area 60 are connected to head 
groups in the area 6(z = N). The ratio between them is 
obtained by substituting eq 3.18 into eq 3.8 as 6dd(z = 
N) x @d@(r = N) 1 - (N2l2/6)d2A./dy2 % 1 + 3[NvaO,) 
- h(y)1/(2h). When NvaO,) > h(y), 6d6(z  = N) > 1. 
Therefore, an exclusion zone is anticipated near such 
areas of the tethering surface. This is understandable, 
as chains tethered in these areas are forced to extend 
into surrounding areas. The thickness of the exclusion 
zone may be estimated in-analogy to brushes tethered 
on convex surfaces27 as h exp{-cF,l[NvaO,) - h(y)l}, 
where c is a constant of order 1 and h/INvdy) - h(r)l B 
1 according to the criterion of weak lateral inhomoge- 
neity in eq 3.19. Hence, the exclusion zone is exponen- 
tially thin and negligible in our  analysis. In fact, even 
if the thickness of the exclusion zone is an appreciable 
fraction of the average brush height, neglecting it may 
only lead to tiny errors in the free energy.27 Besides, 
chains with ends so close to  the tethering surface are 
hardly stretched, so that the chain conformations are 
dominated by nonclassical rather than classical effects, 
and the classical limit description breaks down. 

Another issue is the assumption that chain lateral 
displacement b(r  = N) - yol - NzZ21dA/dyI (according 
to eq 3.4) is much smaller than the vertical displacement 
XO,  which certainly breaks down as the end location xo - 0. Lifting this approximation should eliminate the 
negative end density 7 near the tethering surface 
obtained in eq 3.21, at least up to an exponentially thin 
layer near the tethering surface (see the preceding 
paragraph). In any case, these considerations mainly 
affect 7 very close to the tethering surface, while 7 
elsewhere and the lateral part of the mean field 
potential A are only weakly perturbed. As long as the 
exclusion zone is negligible, eq 3.24 holds. Therefore, 
small corrections on 17 and A only lead to higher order 
contributions in the free energy expansion, which are 
ignored in our analysis. 
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Polydispersity is a complication always present in real 
polymer systems. It is found that the ends of longer 
chains tend to  be excluded from the tethering sur- 

which is closer to the Alexander-de Gennes 
de~cript ion.~,~ Thus, we speculate stronger height 
fluctuations and possible instability in polydisperse melt 
brushes. However, a sound assessment of the subject 
is not available due to technical difficulties associated 
with the presence of the exclusion zone. 

In summary, we have generalized the classical limit 
self-consistent field theory of polymer b r u ~ h e s ~ ~ ~  to 
laterally inhomogeneous melt systems, which goes 
beyond the Alexander-de Gennes appro~imation.',~ An 
appropriate microscopic description of the brush struc- 
ture is developed, based on which the free energy 
expansion is derived. The systems are shown to be 
always stable with respect to height fluctuations. For 
grafied polymers, the height profile and fluctuations are 
found to be sensitive to q and the average surface 
coverage. The structure factors (especially at large q )  
are qualitatively different from existing p r e d i c t i ~ n s ~ ~ J ~  
based on the Alexander-de Gennes approximation. In 
fact, ref 18 even predicts lateral instability a t  small 
surface tension andor large surface coverage. These 
discrepancies are clearly artifacts of the approximation. 
For tethered polymers with lateral mobility, the height 
fluctuations have a peak at q = 0 and a correlation 
length Nu2D-u2, whereas the surface coverage 
fluctuations are dominant over length scales -Nu2Z. 
Normal mode analysis yields that the height and surface 
coverage fluctuations are correlated at small q but are 
decoupled at large q .  The work presented here should 
help us understand and tailor the lateral structure of 
melt polymer brushes. 
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Appendix A Derivation of Eq 3.1 

This appendix derives eq 3.1 for brushes with weak 
lateral inhomogeneity, assuming the absence of chain 
end exclusion zine (justified in section VI). 

Consider a brush weakly inhomogeneous in the y 
direction with a periodicity of Bnlk, where the magnitude 
of the inhomogeneity E is small. The potential must 
have the general form 

V ( x y )  = Vo(x) + cV1(x) COS ky - 0 ( c 2 )  (Al) 

According to  eq Al, aVl@(r=ndk) = 0 holds through 
linear order in E .  Thus, particles released at rest from 
y = ndk do not move in they direction; i.e., tke motion 
becomes 1-dimensional, for which the terminal condition 
in eq 2.6 leads to 

V(xy=nnlk) = Bx2 - A, (-4.2) 

where B (given in eq 3.2) and A, are constants. 
Inserting eq A1 into eq A2 for n = 0 and 1 produces 

V0(x) - EV,(X) = Bx2 - A, (A4) 
Adding eq A4 to  or subtracting eq A4 from eq A3 gives 
rise to  

2 A0 +A1 V0(x) = BX - ~ 2 

A1 -A0 EV1(X) = - 2 
respectively. Substituting eqs A5 and A6 into eq A1 
yields 

Ao+A, Al-Ao 
cos ky + O(r2) V ( X J )  = Bx2 - - + - 

2 2 
(A7) 

which, to linear order in E ,  belongs to the class of 
potentials in eq 3.1. 

Appendix B: Evaluation of lo' dt ql(t,y) 
This appendix evaluates the integral in eq 3.17, 

(B1) 
where ql and I are given by eqs 3.16 and 3.15, respec- 
tively. 

Altering the order of integration in eq B1 yields 

Changing the dummy variable t o  in eq B2 to t ,  integrat- 
ing by parts, and substituting eq 3.15 lead to 

where Z(t=ly) = 0. Further altering the order of 
integration in eq B3 produces 

- NZ2 d2A 
1 8 ~  dy2 (B4) 

where qdt )  is given by eq 3.13. 
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